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ABSTRACT

Fuzzy numbers are a powerful tool for working with numerical uncertainty, but they remain little used in solving
practical problems in finance and economics. The main problem lies in the significant extension of the support of a fuzzy
number when a large number of arithmetic transformations are performed. For example, when calculating profit, the
minimum and maximum support values can differ by several times. In such cases, making an investment decision is
extremely difficult. Therefore, we developed a new algorithm that generates the result of an arithmetic operation as a
projection of a fuzzy binary relation, selected based on the principle of maximum entropy. The proposed algorithm generates
a matrix of a fuzzy binary relation in accordance with Zadeh’s extension principle. The principle of maximum entropy
implies choosing the relation projection (row or column) that contains the cell with the highest degree of membership in the
matrix and that has the highest entropy. Compared to standard fuzzy arithmetic, the proposed algorithm provides a much
smaller extension of the domain of the resulting fuzzy number than existing methods. In addition, the proposed algorithm
works with operands whose support crosses zero. The algorithm is implemented as a Microsoft Excel add-in, which readers
can download free of charge and use for applied calculations. We also described an example of calculating the profit and
currency risk of options using the proposed algorithm.
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1. Introduction

The solution of applied problems in different areas is
often based on the use of numerical quantities, the values
of which can be determined only approximately. The uncer-
tainty of these quantities can have a different nature and can
be caused by incomplete data, inaccuracy of the linguistic
description, as well as other reasons.

Researchers often describe uncertain numerical quanti-
ties using fuzzy numbers, which are fuzzy sets defined on
a set of real numbers. The need to use fuzzy numbers is
especially relevant in economic problems, where numerical
quantities are subjected to multiple arithmetic transforma-
tions.

Fuzzy numbers and fuzzy arithmetic were introduced
by Zadeh and improved by Dubois, Prade!!?l, as well
as other researchers, including Yager[®!, Mizumoto and
Tanaka*),

In the general case, as a fuzzy number A is called a

fuzzy set with a support defined on the set of real numbers:

A= {(x7y)€ RX[Oal] :y:NA(x)}v ()

where 14 (2) is the membership function of A.

Researchers also use fuzzy intervals. Fuzzy interval is
called the normal fuzzy set defined on the set of real num-
bersDl, for which the following conditions are met:

Jr € R, pa(x) =1,

a-cut of A is closed interval *A = {z€ R |pa(z) > o €
(0,1].};

support of A is defined as: SuppA = {z€ R |ua(x) > 0}.

The membership function of the fuzzy interval is ex-
pressed as follows:

fa(z) whenz € [a,b),
when z € [b, ¢],

when z € (¢, d]

! @)
ga(z)

0 otherwise,

where a,b,¢c,d € R, a < b < c¢<d, fa(-) is a real-valued
function that is increasing and right-continuous, and g4(-) is
a real-valued function that is decreasing and left-continuous.
Various versions of these functions are presented in the pa-
perl6l.

A fuzzy interval with a one-mode membership function

is called a fuzzy number: p4(x) = 1 for exactly one z€ R.

The implementation of any arithmetic operation X)
on two fuzzy numbers A and B is based on the use of the
Zadeh’s extension principle:

sup min{N’A(l‘)a MB(y)},l',y,ZeR, (3)

=z @y

pe(z) =

where pc(z) is the membership function of the resulting
fuzzy number C = A @ B.

It is assumed that arithmetic operations with fuzzy num-
bers should retain the properties of standard arithmetic, in
particular: commutativity, associativity, distributivity, prop-
erties of zero, unit and multiplication.

In applied problems, fuzzy quantities cannot always be
adequately described by fuzzy numbers with a standard form
of the membership function, since the nature of the uncer-
tainty for different quantities, as a rule, is different. Based on
this, the main requirements for the algorithm for performing

arithmetic operations with fuzzy numbers are as follows:

e  The properties of arithmetic operations with fuzzy num-
bers should not contradict the properties of standard
arithmetic;

e  The form of the membership function of the result must
correctly take into account the form of the membership
functions of the operands of the arithmetic operation;

e The result of an arithmetic operation should have as
narrow support as possible in order to provide the un-
ambiguity necessary to prevent erroneous solutions;

e  The computational complexity of algorithms should be
minimized as much as possible in order to ensure the

efficiency of calculations.

The most common algorithms are based on the Zadeh’s
extension principle and implement arithmetic operations with
fuzzy numbers that are approximated by several points on
the set of real numbers. In particular, three points are used
to describe triangular fuzzy numbers; four points are used
to describe trapezoidal fuzzy numbers, and so on. These
algorithms are easy to implement, but there are three prob-
lematic questions here. Firstly, the approximation of fuzzy
quantities leads to errors that may be unacceptable in prac-
tice. Secondly, the shape of the resulting fuzzy number is
sometimes not related to the shape of the operands of an
arithmetic operation, that is, in some cases, it is difficult
to explain the change in the nature of the result. Thirdly,

the use of these algorithms leads to a significant increase
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in the support of the resulting fuzzy number in the case of
multiple transformations. Sometimes, the right border of the
support of a fuzzy number can be several times larger than
the left one. In such conditions, it is very difficult to make
an adequate decision.

Therefore, we have developed an algorithm that pro-
vides the fulfilment of arithmetic operations with fuzzy num-
bers of arbitrary form and increases the support of the result
to a lesser extent than the known algorithms. The novelty of
our proposed method lies in the discretization of fuzzy num-
bers along the abscissa axis (on the set of real numbers), the
calculation of a fuzzy binary relation in accordance with the
Zadeh’s extension principle and the selection of a projection
of this relation that contains the maximum membership and

has the maximum entropy.

n(x)

0.8 +
0.6

0.4 4

2. Materials and Methods
2.1. Related Researches

Researchers often use fuzzy numbers with triangular

r—a

membership functions: fa(z) = =2, ga(z) = =%,

b = c in Equation (2).

In this case, the fulfilment of arithmetic operations is
simplified, and the result is calculated using simple algebraic
expressions. However, if the membership functions of the
operands are represented by asymmetric triangles, the ques-
tion arises about the shape of the membership function of
the result, as shown in Figure 1. This example shows that
the membership function of the result can have a different
shape than the membership functions of both operands. This

fact cannot be rationally explained.

A+B

0 1

2
%)
.
wh

6 7 8 9 0o 11 X

Figure 1. Changing the shape of the membership function when summing two triangular fuzzy numbers A and B.

Bede researched the operation of multiplying fuzzy
numbers and confirmed that the shape of a fuzzy number can
change[®].

From the other side, the computational complexity of
arithmetic operations with triangular fuzzy numbers is mini-
mal, but in practice, the approximation errors of fuzzy quan-
tities are quite big. Representation of fuzzy numbers by
trapezoids®], pentagons!!'%), piecewise linear functions or
nonlinear membership functions reduces these errors[!!=141,
however, the question concerning the shape of the member-
ship function of the result remains. Hanss notes the loss of
information in the case of triangular fuzzy numbers and sug-
gests using discretized fuzzy numbers to solve engineering
problems(!3]. In papers (! 7] the authors research an RDM

method for performing arithmetic operations. This method
uses a representation of fuzzy numbers as a set of level slices.
However, the extension of the support is also preserved here,
since the method uses the Zadeh’s extension principle. The

18,191 can be used

Hukuhara generalized difference method!
to perform arithmetic operations. However, it requires ad-
ditional research, as in some cases it completely destroys
uncertainty. For example, this is the case of the difference
between the two symmetric numbers shown in Figure 1.
Furthermore, within the framework of RDM arithmetic, the
domain of the result using the Hukuhara method is identical
to the domain of the result using standard arithmetic.

With regard to arithmetic operations with fuzzy num-

bers, research is aimed mainly at ensuring that the properties
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of standard arithmetic are fulfilled. Dubois and Prade iden-
tified these properties!?). In particular, in fuzzy arithmetic,
the definition of a fuzzy zero for the summation operation
is a problem question, and the definition of a fuzzy unit is
a problem question for multiplication and division. These
problems are discussed in detail in a study by Mares 2%,
which suggests replacing in properties a strict equality re-
lation with a weaker equivalence relation. Other studies,
for example Piasecki and Lyczkowska-Hanékowiak [, to
solve the problems of fuzzy arithmetic, in description of
fuzzy numbers suggest using additional elements, in partic-
ular, their orientation.

However, from the point of view of applied problems,
the main negative property of most known approaches to
the implementation of arithmetic operations on fuzzy num-

bers is a sharp increase of the support in the case of many

(x)

0.8 4
0.6 4

0.4

transformations % 23

1. This property becomes an important
drawback in applied problems in which the calculation algo-
rithm repeatedly transforms the initial fuzzy quantities.
Consider a simple example. Figure 2 illustrates the
summation of two fuzzy numbers that have the support
power |Supp(A)| = |Supp(B)| = 4. The result of the
summation has the support power |Supp(A + B)| = 8. If
we sum several times the number B with the result, then
the support power will increase by 4 each time. After
five operations, the support power of the result will in-
crease to |[Supp(A+ B+ B+ B+ B+ B)| = 24, that
is, six times compared to the initial fuzzy number (see
Figure 2). The result uncertainty also increases dramat-
ically. In particular, for this example, the cardinality of
the fuzzy number will increase from Card(A) = 2 to

Card(A+ B+ B+ B+ B+ B)=12.

A+B+B +B+B+B

0 T T T T T T T T T T T T T T T

012

T 1
34567 89101112131415161718192021222324252627282930%

Figure 2. Illustration of multiple summation of fuzzy numbers.

It is obvious that a wide variation of the possible values
of the fuzzy quantity makes calculations with fuzzy numbers
unsuitable for decision-making in applied problems. If we
assume that in the above example, the result describes the
predicted profit of a business project, then the range from
6 to 30 monetary units is not suitable to conclude that the
project is expedient, since this estimate is almost equivalent
to complete uncertainty.

To limit the increase in the support of a fuzzy number,
KlirB! suggested using additional information that standard
fuzzy arithmetic'! does not take into account. He presented
this information in the form of “necessary constraints” that
arise from the meaning of operands. For example, an equality
constraint should be taken into account when both operands
are states of the same linguistic variable whose base variable
cannot have two different values at the same time. Klir sug-

gested adding to the standard fuzzy arithmetic the constraints
in the form of a relation defined on the Cartesian product
of two fuzzy intervals. Then the standard Equation (3) is
written as follows:

sup min{pa(z), up(y), R(z,y)},
z=r @y

pno(z) =
(4)

z,y,z € R,
where R is a crisp or fuzzy binary relation on the set
YA X *B.

Note that the constraints for arithmetic expressions
that contain m fuzzy numbers should be formulated as m-
dimensional relations.

Using this approach allows you to limit the increase
in the support of fuzzy numbers. But when solving applied
problems, difficulties arise. Since the necessary constraints

flow from the meaning of the operands, it is difficult to de-



Mathematical Methods in Data Science | Volume 01 | Issue 01 | December 2025

velop a computational algorithm that would be universal for
all applied problems. In each case, the set of constraints
should be different. Based on this, in the universal computa-
tional algorithm, it is possible to realize, perhaps, only one
necessary constraint—the equality constraint. However, as
noted in the study by Klir[*, the use of the equality constraint
does not allow for limiting the result carrier in the case of
summation.

Thus, many of the approaches mentioned above strive
to strictly fulfill the properties of arithmetic operations and
at the same time decrease to computational complexity by
representing membership function with the help of various
approximations. It is important to accurately describe both
expert judgments and their correct transformations. One
of the main disadvantages that make it difficult to use the
known approaches in practice is a sharp increase in the result
support in the case of multiple arithmetic transformations.

Therefore, our task is to build an algorithm that should
correctly fulfill arithmetic operations with discretized fuzzy
numbers and provide a moderate growth of the support of
the resulting fuzzy number, as well as the possibility of a
clear explanation of changes in the shape of the membership

function.

2.2. Proposed Algorithm

The theoretical foundations of the proposed algorithm
are presented in the book?#l. In particular, fuzzy numbers
are described using fuzzy measures of possibility, and arith-
metic operations are built on the basis of fuzzy-integral H-
correspondences that satisfy the properties of standard arith-
metic: commutativity, associativity, and distributivity.

For implementation in software, we offer a new compu-
tational algorithm of arithmetic operations on fuzzy numbers
that have an arbitrary, not necessarily convex membership
function. Such fuzzy numbers we will call numerical fuzzy
sets (NFS). NFS are discretized along the abscissa axis and
are represented by pairs in Equation (5). As shown by Dubois
and Prade (%3], arithmetic operations can be successfully im-
plemented for the case when fuzzy numbers are presented in
discretized form.

As shown in the study Hanss!'*), discretization can
be realized by dividing into equal intervals either the ab-
scissa axis (support of a fuzzy number) or the ordinate axis
(membership function). In the first case, a fuzzy number is

represented as a set of pairs:

A={(2s, p(2)), i =T,n, 241 —7; = &

Ty = a, Tn :d}a

where n is the number of discrete (segments), and d, a are
the lower and upper boundaries of the support of the fuzzy
number A.

In the second case, a fuzzy number is also represented

by many pairs:

A= {(zM o), (x?‘i“, a))i=1,n, ajp1 — o ©)
= ﬁaao :07 ap = 1}7

min
K3

max
K2

where "™ and 2" are the lower and upper boundaries of
the support of «;-cut.

Hanss notes that the first case is unsuitable due to possi-
ble information losses if the intervals are chosen sufficiently
large!'3]. However, we can see that the second way also turns
out to be unsuitable if the membership function has several
extrema. Therefore, to use discretization of the ordinate axis,
a fuzzy number must be approximated only by a convex
membership function. But by this, we will introduce errors
in expert judgment. The best solution is the discretization of
the abscissa axis, subject to the Kotelnikov theorem %), Such
discretization improves the accuracy of describing the shape
of FNs, but also increases the computational complexity of
the algorithm. Therefore, when choosing the discretization
frequency in practical applications, it is necessary to balance
the accuracy of the description with the computational com-
plexity. In addition, the choice of discretization frequency
will be influenced by the requirements of the subject area
where the algorithm is planned to be scaled.

The proposed algorithm is based on representing the
result of an arithmetic operation in the form of a fuzzy bi-
nary relation of two NFS and choosing from this relation a
conditional projection that has a maximal membership func-
tion and a maximal degree of uncertainty. Consider this
algorithm.

Step 1. Entering discretized NFSs A and B according

to Equation (5):

; a—a

A= {(IN H(-rl)), 1 =1,n, Tit1l — Ty = n_ia
n=am =@ Dy

) b—b

B={(y; 0(). J =T gj1 — 95 = —7.

Yo :b7 Yn 157’[9(3}]) € [Ov H}a
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where g and @ are lower and upper borders of the support of
A, SuppA = [a, al;
b and b are lower and upper borders of the support of B,
SuppB = [b,b], @, @, b,b € R.

Step 2. Obtaining a fuzzy binary relation on Cartesian
product D = A x B satisfying the condition:

dOn
(®)

where d;; = {zij, wi;}, zi; = ;5 Q yj, wi; = min(u(z;),
(y;)),
Q) is designation of an arithmetic operation.

Step 3. Scanning all the elements d;; and composing
the set P of index pairs for which the membership function

is maximal:

P={(sg,ck) k€ {1,2,....n%} | wser

= max wi;},
1,j=1,n

(€))

where s, and ¢, are the row and column indices in D.

Step 4. Obtaining of the set E of potential solutions of
the arithmetic operation ().
€ P we de-
fine two potential solutions, which are the row Dj} =
{d,, j,j =1,n}, andthecolumn DP = {d;,,i =1,n}
of the relation D. In this case, E = U, 75 { Dt U D} }.
Note that for unimodal discretized NFS |E| = 2.

Step 5. Calculating the uncertainty degree of each po-

For each pair of indexes (sg,ck)

tential solution.

We denote the set £ by E = {E,l = 1,|E|}, where
E = {e,i=Tn} C D, e = {(zLwh)]2l € . Ruw! €
[0,1]}. In this case, by analogy with the entropy (which
takes into account both the support and the membership)[?7],

the uncertainty degree of the discretized NFS is calculated

Step 6. The choice of the solution R of the arithmetic
operation () from the set E' with a maximal degree uncer-

tainty:

R:arg{gg%f(fﬂl)}. (11)

This step implements the well-known principle of max-
imum entropy. The primary motivation for using this prin-
ciple is to minimize unjustified assumptions. Choosing the
projection with maximum entropy is equivalent to a strat-
egy of minimizing the maximum risk, which is proportional
to our lack of knowledge of the true value of the quantity
described by the fuzzy number.

Step 7. Output R.

In the proposed algorithm, the following operations are

computationally complex:

e  Calculation of the membership function w;; € [0,1] of
each element of the fuzzy binary relation D;

e  Scanning of all elements of the fuzzy binary relation D
to determine the maximums of the membership function
and their indices (s, cx);

e  Calculating the uncertainty degree f (F;) of each po-
tential solution Fj;.

However, in practice, the speed of modern computers
allows, without any tangible delay, to calculate a sufficiently
large number of arithmetic expressions when solving applied

problems.

3. Results

Example 1. Summation of two NFSs with symmetric mem-

bership functions.

Table 1 shows the two operands A and B as well as the
fuzzy binary relation on Cartesian product D = A + B in

as follows: accordance with Equation (8) and two potential solutions (in
1 bold). The result obtained based on the Zadeh’s extension
f(E) = Z¢:1 ’Z§+1 - zj| - wh. (10) principle is located on the diagonal of the table.
Table 1. Two NFSs A and B, fuzzy binary relation D = A + B and potential solutions E1, Fo.
NFSs A
1/0 12/02  1.4/04  1.6/0.6  1.808 2/1.0 22/08  24/0.6  2.6/04  2.8/02 3/0
NFSs B
5/0 5.4/.02 5.8/0.4 6.2/0.6 6.6/0.8 7/1.0 7.4/0.8 7.8/0.6 8.2/0.4 8.6/0.2 9/0
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Table 1. Cont.

Fuzzy Binary Relation on Cartesian Product D = A + B

6/0 6.4/0 6.8/0 7.2/0 7.6/0 8/0 8.4/0 8.8/0 9.2/0 9.6/0 10/0
6.2/0 6.6/0.2 7/0.2 7.4/0.2 7.8/0.2 8.2/0.2 8.6/0.2 9/0.2 9.4/0.2 9.8/0.2 10.2/0.2
6.4/0 6.8/0.2 7.2/0.4 7.6/0.4 8/0.4 8.4/0.4 8.8/0.4 9.2/0.4 9.6/0.4 10/0.2 10.4/0
6.6/0 7/0.2 7.4/0.4 7.8/0.6 8.2/0.6 8.6/0.6 9/0.6 9.4/0.6 9.8/0.4 10.2/0.4 10.6/0
6.8/0 7.2/0.2 7.6/0.4 8/0.6 8.4/0.8 8.8/0.8 9.2/0.8 9.6/0.6 10/0.4 10.4/0.2 10.8/0

7/0 7.4/0.2 7.8/0.4 8.2/0.6 8.6/0.8 9/1.0 9.4/0.8 9.8/0.6 10.2/0.4  10.6/0.2 11/0
7.2/0 7.6/0.2 8/0.4 8.4/0.6 8.8/0.8 9.2/0.8 9.6/0.8 10/0.6 10.4/0.4  10.8/0.2 11.2/0
7.4/0 7.8/0.2 8.2/0.4 8.6/0.6 9/0.6 9.4/0.6 9.8/0.6 10.2/0.6  10.6/0.4 11/0.2 11.4/0
7.6/0 8/0.2 8.4/0.4 8.8/0.4 9.2/0.4 9.6/0.4 10/0.4 10.4/0.4 10.8/0.4  11.2/0.2 11.6/0
7.8/0 8.2/0.2 8.6/0.2 9/0.2 9.4/0.2 9.8/0.2 10.2/0.2  10.6/0.2 11/0.2 11.4/0.2 11.8/0

8/0 8.4/0 8.8/0 9.2/0 9.6/0 10/0 10.4/0 10.8/0 11.2/0 11.6/0 12/0

The relation D has only one element with a maximal
degree of membership dg¢ = (9,1.0). The set E con-
sists of two potential solutions: F; = {d&j, j= 1,771}
and By = {d; 6,7 = 1,n} which have uncertainty degrees
f(E1) =2, f(F3) = 1. In accordance with the proposed
algorithm, the summation result R = {(z¢;,we;),j = 1,n}
is located in the row and has the support power |[SuppR| = 4.

The result of standard fuzzy arithmetic.

The summation result (), calculated according to the
Zadeh’s extension principle, is located on the diagonal of the
fuzzy relation D. The uncertainty degree of this solution is
f(Q) = 3, and the support power is |SuppQ| = 6.

As we can see, the proposed algorithm chose the
operand with the maximum degree of uncertainty as a so-
Iution. However, the support of the resulting NFS is 33%
smaller than the support of the result obtained using standard

fuzzy arithmetic.

Example 2. Summation of two NFSs with asymmetric mem-

bership functions.

Table 2 shows the two operands A and B as well as
two potential solutions to their summation. To be able to
compare the result with known approaches, the NFSs are
taken the same as the NFSs in Figure 1.

Table 2. The summation result of two operands A and B with asymmetric membership functions.

NFSs A
1/0 1.4/0.2 1.8/0.4 2.2/0.6 2.6/0.8 3/0.9 3.4/1.0 3.8/0.7 4.2/0.4 4.6/0.2 5/0
NFSs B
1/0 1.4/0.2 1.8/0.4 2.2/0.7 2.6/1.0 3/0.9 3.4/0.8 3.8/0.6 4.2/0.4 4.6/0.2 5/0
Summation Result £;=A-+B
4.4/0 4.8/0.2 5.2/0.4 5.6/0.7 6/1.0 6.4/0.9 6.8/0.8 7.2/0.6 7.6/0.4 8/0.2 8.4/0
Summation Result E;=A-+B
3.6/0 4/0.2 4.4/0.4 4.8/0.6 5.2/0.8 5.6/0.9 6/1.0 6.4/0.7 6.8/0.4 7.2/0.2 7.6/0

This example shows that in some cases the proposed
algorithm requires additional conditions for choosing a solu-
tion R from E.

As we see, two NFSs from the set of potential solutions
E have the same support power; their membership functions
are asymmetric with respect to their own maximums, but
symmetric with respect to each other. These two decisions
have an equal degree of uncertainty: f (Ey) = f(E2) =
2.08, that is, any of these solutions can be the result. What
decision the algorithm chooses will depend only on its im-

plementation in the software. The result obtained here can
be interpreted as the ambiguity of the solution. However, it
is entirely due to the symmetry of the input fuzzy numbers,
which can be considered a logical “OR”.

Note that the shape of the membership function in £
corresponds to operand B, and in E5 to operand A. There-
fore, the membership function of the result will repeat the
membership function of one of the operands. If the operands
have different support power, the membership function will
take the shape of the operand, which has a great degree of
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uncertainty. This operand contains more information and
absorbs operand with less uncertainty, which can be consid-
ered understandable from the viewpoint of the principle of
maximum entropy. In other words, the proposed algorithm
selects a solution with a maximal degree of uncertainty and
at the same time seeks to preserve information about the
shape of the membership function of the initial NFSs.
The result of standard fuzzy arithmetic.

From the viewpoint of the principle of maximum en-

1

tropy, in contrast to the proposed algorithm, standard fuzzy
arithmetic preserves the uncertainty of the original operands
by increasing the support power, but loses information about
the shape of the membership function of the operands. This
can be seen in Figure 3, where the operand A is more flat
on the right, the operand B is more flat on the left and more
uncertain (since CardB > CardA). However, the result
(A + B) took the form of a fuzzy number with less uncer-

tainty, which defies rational explanation.

A B A+B
0.8 1
0.6
0.4+
0.2 1
0 T 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 X

Figure 3. Changing the shape of the membership function when summing two triangular fuzzy numbers with different uncertainties.

The proposed algorithm forms a better solution based

on the measurement of uncertainty.

Example 3. Increasing the support of the resulting NFS in

case of multiple arithmetic transformations.

Let us consider a change in the support of the NFS as a

result of executing several arithmetic operations on the dis-
cretized NFSs A and B shown in Figure 2. Discretization
will not affect the consideration, since we are interested in
the support, which is presented accurately. Table 3 shows
two NFSs and the summation result (A+ B+ B+ B+ B+
B).

Table 3. Two NFSs and the summation result (A + B+ B + B + B + B).

NFSs A
1/0 1.4/0.14  1.8/0.29 2.2/043  2.6/0.57 3/0.71 3.4/0.86  3.8/1.0  4.2/0.66  4.6/0.33 5/0
NFSs B
1/0 1.4/0.33  1.8/0.66  2.2/1.0  2.6/0.86 3/0.71 3.4/0.57  3.8/043  4.2/0.29 4.6/0.14 5/0
Summation Result A + B
4.8/0 5.2/0.33  5.6/0.66 6/1.0 6.4/0.86  6.8/0.71  7.2/0.57  7.6/0.43 8/0.29 8.4/0.14 8.8/0
Summation Result A + B + B
8.6/0 9/0.33 9.4/0.66 9.8/1.0  10.2/0.86 10.6/0.71  11/0.57  11.4/0.43 11.8/0.29 12.2/0.14  12.6/0
Summation Result A+ B+ B+ B
12.4/0 12.8/0.33 13.2/0.66 13.6/1.0  14/0.86  14.4/0.71 14.8/0.57 15.2/0.43 15.6/0.29 16/0.14 16.4/0
Summation Result A+ B+ B+ B+ B
16.2/0 16.6/0.33 17/0.66  17.4/1.0 17.8/0.86 18.2/0.71 18.6/0.57 19/0.43  19.4/0.29 19.8/0.14  20.2/0
Summation Result A+ B+ B+ B+ B+ B
20/0 20.4/0.33 20.8/0.66 21.2/1.0 21.6/0.86 22/0.71  22.4/0.57 22.8/0.43 23.2/0.29 23.6/0.14 24/0
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As we can see, the support power of the result does not
change: [Supp(A + B)| = |Supp(A+ B+ B)|=...=4.

The result of standard fuzzy arithmetic.

As shown above (see Figure 2), the support of the
result |Supp(A + B + B+ B + B)| = 24 is much larger
than in our algorithm.

In practice, the proposed algorithm allows us to obtain

a result suitable for decision-making.

4. Discussion

4.1. Theoretical Questions

The use of the proposed algorithm is related to two

questions that require discussion.

Question 1. On the Need to Observe the Properties of
Standard Arithmetic

Judging by the number of publications, many authors
consider it necessary to strictly observe the properties of stan-
dard arithmetic of real numbers when executing arithmetic
operations with fuzzy numbers. However, as was shown
above, the effectiveness of standard arithmetic in practice is
doubtful due to a sharp increase in uncertainty. These doubts
are the motive for revising the requirements for the prop-
erties of fuzzy arithmetic and raise a conceptual question:
why should fuzzy arithmetic adhere to the rules that were
introduced in standard arithmetic? Let’s try to answer this
question.

Fuzzy sets are an extension of traditional sets. In par-
ticular, the concept of fuzzy sets made it possible to use an
extended range of values to measure the membership of ele-
ments in a set, and also made it possible to present standard
sets as a special case of fuzzy sets.

But extension does not mean that the constraints of the
original concept remain relevant. On the contrary, one can
assume that a special case is produced from a general case
by introducing additional constraints that narrow the origi-
nal concept. Therefore, the desire to extend the properties
of arithmetic of real numbers to fuzzy arithmetic is doubt-
ful. This assumption raises the following question: how to
change the properties of arithmetic of real numbers?

The answer should flow from the nature of uncertainty
as a generalization of certainty. We can agree with the state-
ment of the study regarding the replacement of the relation of

strict equivalence by the relation of additive and multiplica-
tive (that is, weak) equivalence'”). Since fuzzy numerical
quantities can be represented as a generalization of standard
numerical quantities, it is logical to present the properties of
arithmetic operations on fuzzy numbers as a generalization

of the properties of standard arithmetic.
Question 2. About the Zadeh’s Extension Principle

According to this principle, the result of an arithmetic
operation is formed by the union of all elements’ combina-
tions of the support of both operands in order to prevent
information loss. This combination is the reason for a sharp
increase in the support power of the resulting NFS when
calculating the arithmetic expression.

In the first numerical example, you can see that ac-
cording to the Zadeh’s extension principle, the result of the
arithmetic operation is located on the diagonal of the rela-
tion D. However, this is true only for the case of symmetric
membership functions of both operands. If we move the max-
imum of the membership function of one of the operands,
then the result support will remain on the diagonal, but the
maximum of the membership function will move to another
place. Thatis, in the relation D, the resulting NFS will delam-
inate. Using the supremum operation avoids the influence of
this effect, however, because of this, it is difficult to explain
the change in the shape of the membership function.

The result calculated on the basis of the Zadeh’s exten-
sion principle is similar to the diagonal projection of a fuzzy
binary relation, which is obtained by convolution using the

Suprémum:

R={(rj,pj),r;€ R,p; €[0,1], j=1,n,}, (12)

where 7; = z;=;,4,7 = 1,n, ¢; = sup w;;.
i=1,n
Then, the proposed algorithm can be considered as

an algorithm for calculating a conditional projection of the
same relation D, whereas the condition is the maximum of
the membership Equation (9). In other words, the proposed
algorithm obtains a solution not by convolution of the ele-
ments of the relation, but by choosing one of the conditional
projections.

Returning to question 1 discussed above, the following
can be noted. Since the proposed algorithm uses an addi-
tional condition that narrows the generalized solution, the

solutions of this algorithm will be more constrained, but pre-
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serve the properties of the generalized concept. Figure 4 fuzzy arithmetic in the proposed algorithm. Screenshots

were obtained using the Fuzzy for Excel add-in.

demonstrates the preservation of the properties of traditional
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Figure 4. Preserving the properties of traditional fuzzy arithmetic in the proposed algorithm.

4.2. Comparison with Other Fuzzy Arithmetic
Methods

Comparison with other methods provides a basis for a
more in-depth analysis of the proposed method. Therefore,
we compared our method with two known methods. The first
method is the Zadeh’s extension principle (see Equation (3)).
The overwhelming majority of known methods are based on it.
Although the Zadeh’s extension principle does not reduce the
support power of the resulting NFS, it represents the most com-
plete set of solutions for the arithmetic operation. The second
method is the relatively recently published QKB method 28],
which is designed only for multiplying triangular numbers.
Despite this, we see no obstacles to its use in other types of
arithmetic operations. As for other methods, we did not find
any studies that would be aimed at reducing the support power.

For comparison, we use the criterion of the support
power of the resulting NFS in arithmetic operations with var-

ious triangular NFSs whose support is defined on different

parts of the real line. For simplicity, we use two operations:
addition and multiplication. Subtraction and division are
inverse operations and therefore may be ignored. Triangular
NFSs are described here by a tuple (I, m,n), similar to the
work [23]: [, m and n are lower-pointed, main-pointed and
upper-pointed values respectively. Taking into account the
problems of fuzzy arithmetic (see above), we chose three
parts of the real number set: the negative region, the zero-
crossing region, and the positive region. In the zero-crossing
region, we also investigated various cases of mutual arrange-
ment of fuzzy numbers. All these combinations cover most
of the possible combinations of NFSs in practice.

For the calculation by our method, we used the soft-
ware described below. For the calculation according to
Zadeh’smethod (see Equation (3)), we used the approach
described by Dubois and Prade!?3). For the calculation by
the QKB-method, we used the expressions described by Al-
Qudaimi et al?®. The comparison results are presented in
Table 4.

Table 4. Results of methods comparison.

Operation and Operands (I, m, n)

Resulting NFSs (I, m, n)

Support Power |l — m|

Zadeh’s Extension Principle

(—20,—18,—16) + (
(—20,—18,—16) + (=5, —1,+3)
(—20,—18,—16) + (+30,+33,+36)
(=5, +1,4+3) 4 (20, —18, —16)
(=5,4+1,+3) + (=10, -2, +6)
(=5,+1,+3) + (=2, +2, +6)
(=5,+1,+3) + (=10, —4, +2)
(=5,+1,+3) + (+30,+33,+36)
(430, +33, +36) + (—20, —18, —16)
(430, +33, +36) + (=5, —1,+3)
(430,433, +36) + (+30, +33,+36)
(—20, —18, —16) * (—36, —33, —30)
(=20, —18,—16) * (=5, —1,+3)

—36, 33, —30)

(— 56 —51, —46) 10
(—25,—19,—13) 12
(+10 +15, +20) 10
(=25, —17,—13) 12
(—5,—1,49) 14
(=7,+3,+9) 16
(=15, -3 +5) 20
(+25, +34, +39) 14
(+10, +15, +20) 10
(425, +32, +39) 14
(+60, +66, +72) 12
(+720, +594, +480) 240

(+100, +18, —48)

no solution

11
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Table 4. Cont.

Operation and Operands (I, m, n)

Resulting NFSs (I, m, n)

Support Power [l — m|

Zadeh’s Extension Principle

(=20, —18, —16) * (430, +33, +36)
(=5, 41, +3) * (—20, —18, —16)

(=600, —594, —576)
(+100, —18, —48)

24
no solution

(=5,4+1,43) * (—10, -2, +6) (450, —2,+18) no solution
(=5,+41,+3) * (—2,42, +6) (410, +2, +18) no solution
(=5, +1,+3) * (—10, -4, +2) (450, —4, +6) no solution
(=5,+1,+3) * (+30,+33, +36) (=150, +33, +108) 258
(430, 433, +36) * (—20, —18, —16) (—600, —594, —576) 24
(430, +33,+36) * (—5, —1,+3) (—150, —33, +108) 258
(430,433, +36) * (+30,+33,436) (4900, +1, 089, +1, 296) 396
QKB-Method
(—20,—18,—-16) + (—36, —33, —30) (—56, —51, —46) 10
(—20,-18,-16) + (=5, —1,+3) (—25,-19, —-13) 12
(—20, 18, —16) + (430,433, +36) (+10 + 15, +20) 10
(—5,+1,+3) + (—20, —18, —16) (—25,-17,-12) 13
(=5,+1,43) 4+ (—10, -2, +6) (—13,-1,+9) 22
(=5,41,43) + (—2,+2,46) (—9,+3,+13) 22
(=5,+1,43) + (10, —4,+2) (—15,—3,+5) 20
(=5, +1,+3) + (+30,+33, +36) (426, +34,+39) 15
(430, +33, +36) + (—20, —18, —16) (+10, +15, +20) 10
(+30,+33,+36) + (=5, —1,+3) (+25,+32,+39) 14
(430,433, +36) + (430, +33, +36) (+60, 466, +72) 12
(—20,—18, —16) * (—36,—33, —30) (4588, +594, +600) 12
(—20,—18,—16) * (—5, —1,+3) (+10, +18, +26) 16
(—20,—18, —16) * (+30,+33,+36) (—600, —594, —588) 12
(=5,+1,4+3) x (—20, —18,—16) (—26,—18,—14) 12
(=5,4+1,+3) * (—10,—2,46) (—46,—2,+14) 60
(=5,41,+3) * (—2,4+2,+6) (—22,+2,+10) 32
(=5,41,+3) * (—10,—4,+2) (—40, —4,+8) 48
(—5,4+1,+3) * (+30,+33, +36) (+15,+33,+39) 24
(+30, 433, +36) * (—20, —18, —16) (—600, —594, —588) 12
(430, +33,+36) * (—5,—1,+3) (—45,-33,-21) 24
(430, 433, +36) * (+30,+33, +36) (+1,080,+1,089, 1, 098) 18
Proposed Method
(—20,—18,-16) + (—36, —33, —30) (—54, —51, —48) 6
(—20,—18,-16) + (=5, —1,+3) (—23,-19, —-15) 8
(=20, 18, -16) + (+30, 433, +36) (+12,+15,+18) 6
(=5,+1,+3) + (—20,—18,—16) (—19,-17,—15) 4
(=5,+1,43) + (10, -2, +6) (=9,-1,4+7) 16
(=5,+1,+3) + (—2,42,+6) (—1,43,+7) 8
(=5,+1,4+3) + (—10,—4,+2) (—9,-3,+3) 12
(=5,+1,43) + (+30,+33, +36) (+31,+34,+37) 6
(+30,+33,+36) + (—20, —18, —16) (+13,+15,+17) 4
(+30, +33,+36) + (=5, —1,+3) (+28,+32,+36) 8
(430,433, 4+36) + (+30, +33,+36) (+63, +66, +69) 6
(—20, —18, —16) * (—36,—33, —30) (4528, +594, +660) 132
(—20,—18,—16) * (—5,—1,+3) (—54,+18,+90) 144
(—20, —18, —16) * (+30,+33, +36) (—660, —594, —528) 132
(=5,+1,+3) * (—20, —18, —16) (—54,—18,+90) 144
(=5,41,+43) * (—10,—2,46) (—10,—2,+6) 16
(—5,4+1,+3) * (—2,+2,+6) (—2,+2,46) 8
(=5,41,+3) * (—10,—4,+2) (—12,—4,+20) 32
(=5,41,+3) * (+30,+33, +36) (—165,+33,499) 164
(430, 433, +36) * (—20, —18, —16) (—660, —594, —528) 132
(430, +33,+36) * (—5,—1,+3) (—165, —33,+99) 164
(430, 433, +36) * (+30,+33,436) (4990, +1,089, +1, 188) 198

12
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The analysis of the results shows that the Equation (3)
may not provide solutions if the support of one of the NFSs
contains a zero-crossing. Compared with other methods, the
support power of the resulting NFS is maximal. The QKB
method in the multiplication operation is the best method
according to the criterion of the support power of the result-
ing NFS. However, in the summation operation, the support
power is greater than in the proposed algorithm. In addition,
the QKB method cannot be used for non-triangular NFSs.
Overall, the most problematic case is arithmetic operations
with NFSs whose carrier contains a zero-crossing. In such
cases, the proposed method increases the support spread, but
provides a solution. The QKB method requires additional

research regarding possible information losses.

4.3. Software “Fuzzy for Excel”

Many researchers did not consider the developed al-
gorithms only as scientific advances. They implemented
these algorithms with the help of special software packages,
such as “Mathematica”, and used them to solve applied prob-

29-32

lems[?*32]. Sometimes researchers themselves developed

become widespread due to the narrow specialization or com-
plexity of the user interface. In other words, the problem
of the availability of fuzzy arithmetic for a wide range of
engineers and analysts remains relevant.

Therefore, the authors developed the “Fuzzy for Excel”
add-in for Microsoft Excel office software, which is widely
used to solve applied problems in various fields of science,
technology and business. This add-in can be downloaded for
free from the link: https://1drv.ms/f/c/6a215c¢39cc7b74ec/E
q_Y170-kVtOoObSEmLyDecBIIRLIVWE3yUXyaJOKw0
3LA.

Installation of the add-in does not require special knowl-
edge and can be performed in accordance with the guide.

To simplify, in the software, numerical fuzzy sets are
called fuzzy numbers. They are represented in the form of
discretized fuzzy sets, which have 21 pairs (support value /
membership function value). The add-in implements many
tools and functions that provide the creation, processing
and analysis of numerical fuzzy sets. The add-in also con-
tains several functions for describing and processing uncer-
tainty using fuzzy Sugeno measures and fuzzy integrals 3],

Table S shows the functions that are implemented in the

special programs 333

1. However, these programs have not

add-in.

Table 5. Functions that are implemented in the “Fuzzy for Excel” add-in.

Function Purpose

FuzzyAverage calculates the average of several fuzzy numbers

FuzzyComplementation inverts the membership function

FuzzyConvolution computes the convolution of several fuzzy numbers taking into account weighting factors
FuzzyCopy copies a fuzzy number from one cell of a worksheet to another

FuzzyDegreeFunction raises the membership function to a given power

FuzzyEquivalenceSets returns the measure of similarity between two sets

FuzzyFigure specifies a number as a geometric figure

FuzzyFormula calculates the result of arithmetic operations

FuzzyGetBearer returns the value of the support of a fuzzy number according to the discrete number
FuzzyGetCell copies a fuzzy number from a fuzzy memory cell to a worksheet cell

FuzzyGetDiscount discounts a fuzzy number

FuzzyGetLevel returns the confidence value of the number’s support

FuzzyGetMembership returns the confidence value of the support of a number according to the discrete number
FuzzyGetNumberForRisk returns a number that corresponds to a given risk level

FuzzyGetNumbers returns a pair of ordinary numbers that match the given confidence level
FuzzyGetParameter returns the value of the given fuzzy number parameter

FuzzyGetRiskLessThan returns the risk that a fuzzy number will be less than a given number
FuzzyGetRiskMoreThan returns the risk that a fuzzy number will be greater than a given number

FuzzyHand specifies a number of arbitrary shape according to the parameters specified as strings
FuzzyHandFromCells specifies a number of arbitrary shape in accordance with parameters that are specified as cell ranges
FuzzylIntegral returns the value of the fuzzy integral of a fuzzy number over a fuzzy measure that is described by the fuzzy number

FuzzylIntegralSemantic
FuzzylIntegralSemanticFS

FuzzylIntegralSemanticExtFS

FuzzyGetLambdaParameter

returns the value of the fuzzy integral of a membership function with respect to a fuzzy measure on a crisp set
returns the value of the fuzzy integral of a membership function with respect to a fuzzy measure on a fuzzy set
returns the value of the extended fuzzy integral of a membership function over a fuzzy measure that is induced in
another space

returns the normalization parameter of a fuzzy measure

Fuzzylntersection returns the coordinates of the intersection of two fuzzy lines
Fuzzylnterval specifies a fuzzy number as an interval
FuzzyLessThan specifies a fuzzy number with semantics “less than ...”

13


https://1drv.ms/f/c/6a215c39cc7b74ec/Eq_Y17O-kVtOoOb5EmLyDecB9lRLlvWE3yUXyaJ0Kw03LA
https://1drv.ms/f/c/6a215c39cc7b74ec/Eq_Y17O-kVtOoOb5EmLyDecB9lRLlvWE3yUXyaJ0Kw03LA
https://1drv.ms/f/c/6a215c39cc7b74ec/Eq_Y17O-kVtOoOb5EmLyDecB9lRLlvWE3yUXyaJ0Kw03LA

Mathematical Methods in Data Science | Volume 01 | Issue 01 | December 2025

Table 5. Cont.

Function

Purpose

FuzzyLessThanTo
FuzzyMakeFromStatistic
FuzzyMax

”»

specifies a fuzzy number with semantics “less than ... to ...
specifies a number based on a statistical sample
calculates the union of several numbers

”»

FuzzyMin calculates the intersection of several numbers

FuzzyMoreThan specifies a fuzzy number with semantics “greater than ...”
FuzzyMoreThanTo specifies a fuzzy number with semantics “greater than ... to ...
FuzzyNear specifies a fuzzy number with semantics “about ...”
FuzzyNearAndLessTo specifies a fuzzy number with semantics “about ... and less than up to ...
FuzzyNearAndMoreTo specifies a fuzzy number with semantics “about ... and more up to ...”
FuzzyNearFirstOrSecond specifies a fuzzy number with semantics “about (... or ...)”
FuzzyNearFromTo specifies a number of the type “about (from ... to ...)”

FuzzyProduct calculates the product of several numbers

FuzzySetCell copies a fuzzy number from a worksheet cell to a fuzzy memory cell
FuzzySum calculates the sum of several numbers

The basics of using the add-in, as well as descriptions

of tools and functions, are contained in the help system.

4.4. Example of Calculating the Profit and Cur-
rency Risk of Options

An option is a financial contract. This contract requires
the buyer to pay a premium for the rights provided by the
contract. A call option allows you to buy an asset (such as
a currency) at a specified price within a specified period of
time. A put option allows you to sell an asset at a specified
price within a specified period of time.

Exercising an option means exercising the right to buy
or sell an asset at a specified price. When buying/selling an
option, the most important factor is the option strike price,
which should be based on the forecast of the future price of
the asset. Using an option allows the owner to avoid signifi-
cant losses in the event of sharp changes in the asset price.
With minor fluctuations in this price, the owner may refuse
to exercise the option. In this case, he will lose the premium
paid, which is essentially a fee for risk insurance. The profit
and risk of the option seller are directly opposite to the profit
and risk of the option owner. The maximum profit of the
option seller is equal to the premium if the buyer refuses to
exercise the option.

Thus, when buying/selling an option, it is necessary to
forecast the change in the asset price. When concluding a
contract, this allows you to estimate the expected profit and
possible risk.

Let us consider the US dollar as an asset and calculate
the profit and risks when selling an option using the above-
described software “Fuzzy for Excel”. Note that the forecast
of the key parameter—the UAH/USD exchange rate—is pre-

sented as a triangular fuzzy number, since fuzzy numbers
describe the uncertainty of the future well.

Statement of the problem: Let a bank sell a put op-
tion to some enterprise to buy US dollars (USD) for hryvnia
(UAH). The problem is to assess the risk of no profit when
exercising the option. The terms of the option sale are as
follows:

e  Option cost (OC)»—5,000 thousand USD;

e  Strike price (SP)—42.2561 UAH/USD;

e  Option premium (O P)—2% from revenue (R);

e Forecast exchange rate (F'ER) at the time of option
strike—from 42.5 to 46 UAH/USD, the most expected
value is 44.351 UAH/USD.

Solution to the problem: The forecast rate at the time
of option exercise cannot be precisely determined. However,
it can be described by a fuzzy numerical value, which is
shown in Figure 5.

To solve the problem, we use an algorithm that sequen-

tially calculates the following indicators:

e  Revenue (R) from option sales at the rate: R = OC-SP;

e  Option premium: OP = R - 0.02;

e  Net income (N I) with taking into account of premium:
NI=R—-OP=R-0.098;

e Real selling rate (RSR): RSR= NI/OC;

e  Forecast revenue (F'R) with taking into account of fore-
cast exchange rate: FFR = OC - FER,;

e Profit(P): P=(FER—-SP)-OC — OP;

e  Forecast net revenues (FNR): FNR= FR— OP.

The results of the calculation of the put option indica-
tors are shown in Table 6.
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p(x)

0.8
0.6
0.4
02

0

42 425 43 435 44 44.5 45 45.5 46 46.5%
Figure 5. Fuzzy numerical value of FER at the time of option exercise.
Table 6. Results of calculating put option indicators.

Indicator Value Unit of Measurement
option cost (OC) 5,000 thousand USD
strike price (SP) 42.2561 UAH/USD

option premium (O P) 4,225.61 thousand UAH
forecast exchange rate (FER) 44.351 UAH/USD
revenue from option sales (R) 211,280.5 thousand UAH
net income (N 1) 207,054.89 thousand UAH
real selling rate (RS R) 41.4110 UAH/USD
forecast revenue (FR) 222,125 thousand UAH
profit (P) 6,618.89 thousand UAH
forecast net revenues (FNR) 217,899.39 thousand UAH

Note: Bold font designates fuzzy numerical values.

Calculations show that net proceeds after premium pay- fuzzy value shown in Figure 5. In this case, net income NI
ment will be 222,125 thousand UAH. This is equivalent to may be 207,054.89 thousand UAH (the most expected value).
the option being exercised at the rate of 41.4110 UAH/USD. The NI value is described by the fuzzy number shown in
However, the forecast UAH/USD rate is determined by the Figure 6.

u(x)

0.8
0.6

0.4

0 X
206000 208000 210000 212000 214000 216000 218000 220000 222000 224000 226000 228000

Figure 6. The N1 value.
At the confidence level of 0.7, the expected spread of enterprise can receive a profit, the most expected value of

values is from 215,274.39 to 221,399.39 thousand UAH. It which is about 8,184 thousand UAH. The spread of forecast

can be expected that as a result of purchasing the option, the profit F'R is shown in Figure 7.
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Figure 7. The F'R value.

The maximum possible profit from the exercise of the
option on a confidence level of 0.5 (50%) is 11,868.89 thou-
sand UAH.

The results of calculations using fuzzy arithmetic also
allow us to assess risks. As can be seen from Figure 7, in the

case of an unfavorable exchange rate forecast, the enterprise
0.8 | nx)
0.6

0.4

will receive a loss, the maximum value of which may be
3,006.11 thousand UAH. The possibility of this loss is 0.2
(20%). Figure 8 shows the risk function of profit!>4l,

Looking at Figure 8, we can conclude that the risk of
loss when executing the option is approximately —0.53 or
53%.

-4000 -2000 2000 4000

0

o

8000 10000 12000 14000  16000X

Figure 8. Risk function of profit P.

The proposed algorithm has been used to develop many
projects, including:

e  Actuarial calculations for determining third-party liabil-
ity insurance rates;

e  Profit calculations for several infrastructure solution
options during the construction of an innovation park;

e  (Calculating the efficiency of factoring operations;

e  Profit forecasting for the construction of a city’s multi-

service information and telecommunications infrastruc-

ture and others.

16

The calculations considered above show the possibility
of using fuzzy arithmetic to solve applied problems in busi-
ness. In addition, the proposed algorithm was used to assess

risks in an agricultural project7].

5. Conclusions

The proposed algorithm for executing arithmetic oper-
ations preserves the uncertainty nature of operands and does
not contradict the basic properties of standard fuzzy arith-

metic. The algorithm limits the increase in the support of
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the resulting NFS, which allows to improve the data quality
for decision-making in applied problems. This is especially
important when executing a large number of arithmetic op-
erations. The proposed algorithm has great computational
complexity, but this is not an obstacle to the implementa-
tion of the algorithm in software, given the speed of modern
computers.

The algorithm is implemented as an add-in to a well-
known office software. To use the add-in, users do not need
any special knowledge. However, users must have skills in

working with uncertain numerical values.

Patents

The State Department of Intellectual Property has is-
sued a software “Fuzzy for Excel” patent #26511 to the au-

thors.
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